GS [125 marks]

1. [Maximum mark: 8]
Consider a sequence of ten rectangular picture frames F4, Fy, .., Fy, Fp.

Picture frame £} has width 4 cm and height 5 cm.

The width and height of picture frame F7,, are each increased by 50 % to

generate the width and height of the next picture frame F), 1 1,forn &€ 7,
1<n<09.

. -1
(@0) " Show that the area of picture frame F), is 20 ( %) " em?.

(a.ii) Hence, find the mean area of the ten picture frames, giving your
answerin theformp((%)a — 1) sz,wherep < @Jr,
a € 7",

(b) Find the median area of the ten picture frames, giving your

4
answer in the form q(%) cm? whereq € Q.

2. [Maximum mark: 16]
Consider the sequence {Un} with 1 th term given by u,,.The first three terms
are

u1 =k — 05, ug =3 — 2k and ug = 5k + 3, where k € R.

(@)  Considerthe case when {Un} is arithmetic.
(ai)  Findthe value of k.
(a.ii) Hence, orotherwise, find us.

(b) Consider the case where k = 12.

(2]

(3]

(3]

(3]

(2]



(b.i)  Show that the first three terms of {un} form a geometric
sequence.

(b.ii) Given that {'u,n} is geometric, state a reason why the sum of an
infinite number of terms of this sequence does not exist.

(0  Thesequence, {un} is geometric for a second value of k.
(ci)  Showthatk® — 10k — 24 = 0.
(cii)  Find the first three terms of {w,, } for this second value of k.

(c.iii) Hence, write down the value of ng, the sum of the first 2m
terms, for this second value of k.

[Maximum mark: 14]

A tennis ball is dropped from a height. After each bounce the maximum height
reached by the ball is % of its previous maximum height.This can be seen in the
diagram below where h, in metres, is the height of a ball after ¢ seconds.

A box contains tennis balls. Each ball satisfies the condition of rebounding to %
of their previous maximum height.The tennis balls are numbered Ball

1, 2, 3...

Ball 1 is dropped from a height of 10 metres.
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(@) Find the maximum height of Ball 1 after the 5" bounce.

(b) Find the total distance travelled by Ball 1 immediately before
the 5*® bounce.

Let d be the total distance travelled by any of these balls.
(0) A ball is dropped from a height of & metres. Show thatd = b
metres.

Let 01 be the total distance travelled by Ball 1.

(d) Write down the value of 51.

Ball 2 is dropped from a height of 9. 56 metres.

Let 52 be the total distance travelled by Ball 2,and so on for each ball in the box.
Itis given that 51, 09 , d3 . . .forman arithmetic sequence.

(e) Determine which tennis ball is the first ball to travel less than
25 metres.

[Maximum mark: 5]

Consider a geometric sequence with first term 1 and common ratio 10.

S, is the sum of the first 72 terms of the sequence.

a1

(@) Find an expression for S,, in the form - Where
a, beZ".

(b) Hence, show that

S1+8S2+853+...+85, = 10(10"8—11)—%
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[Maximum mark: 16]
Consider the arithmetic sequencea, p, q...,wherea, p, q 75 0.
(@)  Showthat2p — q = a. [2]

Consider the geometric sequence a, S, t...,wherea, s, t # 0.

(b)  Showthats? = at. [2]
The first term of both sequences is a.

Itisgiventhatq =t = 1.

(9 Showthatp > 1. [2]

Considerthe casewherea = 9, s > Qandqg =1t = 1.

(d) Write down the first four terms of the
(di) arithmetic sequence; [2]
(d.ii) geometric sequence. [2]

The arithmetic and the geometric sequence are used to form a new arithmetic
sequence U,.

The first three termsof U, areu; = 9+ 1n 9, us = 5+ In 3, and

ug =1+ 1In 1.

(ei)  Find the common difference of the new sequence in terms of

In 3. [3]

(edi)  Show that leil = —90 — 25 1n 3. 3]



[Maximum mark: 7]
Darren buys a car for $35 000.The value of the car decreases by 15 % in the
firstyear.
(a) Find the value of the car at the end of the first year. [2]
After the first year, the value of the car decreases by 11 9% in each subsequent
year.
(b)  Findthe value of Darren’s car 10 years after he buysiit, giving
your answer to the nearest dollar. [2]
When Darren has owned the car for n complete years, the value of the caris less

than 10 % of its original value.

() Find the least value of 1. [3]

[Maximum mark: 14]
Consider the arithmetic sequence w1, U9, U3, ....

The sum of the first 72 terms of this sequence is given by S,, = n? + 4n.

(a.i)  Find the sum of the first five terms. (2]
(aii) Giventhat Sg = 60, find ug. [2]
(b)  Finduj. (2]
() Hence or otherwise, write an expression for U, in terms of 7. [3]

Consider a geometric sequence, Uy, where V9 = U1 and V4 = Ug.

(d) Find the possible values of the common ratio, 7. [3]

(e)  Giventhatvgg < 0,find vs. [2]



[Maximum mark: 15]
Considerthe seriesln  + p In z + %ln x+...,wherex € R, z > 1
andp € R, p # 0.

Consider the case where the series is geometric.

(@i)  Showthatp = i%. [2]
(@) Giventhatp > 0and Sy = 3 + \/g,ﬁnd the value of . (3]

Now consider the case where the series is arithmetic with common difference d.

(bi)  Showthatp = % [3]
(b.ii)  Write down dintheformk In x,where k € Q. [1]
(b.iii) The sum of the first 12 terms of the seriesis —3 In .

Find the value of n. [6]

[Maximum mark: 15]
Consider the function f(z) = a” wherex, a € Randz > 0, a > 1.

The graph of f contains the point (%, 4).

(a) Show thata = 8. [2]

(b)  Write down an expression forf_l(a:). [1]

(@ Find the value off_1 (\/3_2) 3]



10.

11.

Consider the arithmetic sequence

logg 27, logg p, logg q, logg 125 ,wherep > landg > 1.
(di) Showthat27, p, qand 125 are four consecutive termsin a
geometric sequence.

(d.ii)  Find the value of p and the value of q.

[Maximum mark: 9]
The sum of the first 12 terms of a geometric sequence is given by

Sn=25(5)"

(a) Find the first term of the sequence, 1.
(b)  Find Sx.

() Findtheleastvalue of nsuchthat Soo — S, < 0.001.

[Maximum mark: 6]

Mia baked a very large apple pie that she cuts into slices to share with her
friends. The smallest slice is cut first. The volume of each successive slice of pie
forms a geometric sequence.

The second smallest slice has a volume of 30 Cm?’.The fifth smallest slice has a
volume of 240 cm?.

(a) Find the common ratio of the sequence.

(b) Find the volume of the smallest slice of pie.

(©  Theapple pie hasa volume of 61425 cm?3.
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Find the total number of slices Mia can cut from this pie. [2]
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